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General expressions are obtained for the oeient of light
absorption by free arriers as well as the intensity of the
spontaneous light emission by hot eletrons in multivalley
semiondutors. These expressions depend on the eletron
onentration and eletron temperature in the individual valleys.
An anisotropy of the dispersion law and eletron sattering
mehanisms is taken into aount. Impurity-related and aousti
sattering mehanisms are analyzed. Polarization dependene
of the spontaneous emission by hot eletrons is found out. At
unidiretional pressure applied or high irradiation intensities, the
polarization dependene also appears in the oeient of light
absorption by free eletrons.
Introdution
The phenomena of the light absorption and emission
by free arriers have been studied for years, and it
seems likely that a disovery of new eets an hardly
be expeted here. However, this is not true in the
ase of multivalley semiondutors. The peuliarities
of the mentioned phenomena in suh semiondutors
are related to (i) a sharp anisotropy of the dispersion
law for eletrons, (ii) the fat of the eletron lling
of several valleys and, nally, (iii) an anisotropy of
sattering mehanisms. It is known that a third
body is required in the at of the photon emission
or absorption by a free eletron. This third body
provides the energy and momentum onservation during
ollisions. Impurity atoms, lattie osillations (phonons),
or boundaries an serve for it. By this, the inuene of
sattering mehanisms (inluding their anisotropy) on
the absorption and emission proesses an be explained.
In the thermodynami equilibrium state, the
quantity of photons absorbed by free eletrons is equal
to that of emitted photons. The detailed balaning
priniple is therefore valid. If the photon quantity
exeeds that in equilibrium state, i. e., a semiondutor
is irradiated with an external eletromagneti eld, the
photons are absorbed by free arriers. If the external
eletromagneti eld is absent, and the eletron gas is
heated (e.g., by a onstant eletri eld), the proess of
light emission by free eletrons ours.
A new eet related to the light emission by free
eletrons in multivalley semiondutors, omparing to
single-valley semiondutors, is the appearane of the
polarization dependene of the emitted light intensity.
The same dependene an also appear in absorption if
the irradiation intensity of a multivalley semiondutor
is high enough.
There are various methods that allow nding the
absorption and emission by free arriers. In our opinion,
the most onvenient method is to use the kineti
equation, in whih the inuene of the eletromagneti
eld on the free arriers sattering mehanism is taken
into aount. The onveniene of this method lies in that
one may derive the expression for the absorption by free
arriers both in lassial and quantum ases in a single
approah. Besides absorption, this method allows also
nding the wave-eld-indued emission by free arriers.
From here, one may obtain the spontaneous emission by
free arriers through denite formal substitutions. We
have used suh an approah in [1℄. In that paper, we
have investigated the mehanism of aousti sattering in
detail, and outlined a model for the impurity sattering.
However, no analyti expressions for both lassial and
quantum absorption under the impurity sattering in
multivalley semiondutors have been derived. The same
is true also for the emission regularities. That is why we
pay the prinipal attention in this paper to the study of
the situations where the impurity sattering dominates.
1. Collision Integral of Eletrons with Ions in
the Presene of an Eletromagneti Wave
We onsider the multivalley semiondutors like n-Ge
and n-Si. The Hamiltonian of eletrons, whih populate
one of the ondution band valleys, an be written in the
prinipal axes of the mass ellipsoid in the presene of an
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eletromagneti eld as follows:
Hˆ =
3∑
α=1
1
2mα
(
pˆα − e0
c
Aα
)2
+
N∑
i=1
U
(
~r − ~Ri
)
. (1)
In Eq. (1), mα are the prinipal omponents of the
mass tensor, (mx = my ≡ m⊥, mz = m‖), pˆα is the
αth omponent of the momentum operator, c0 is the
eletron harge, c is the light veloity, Aα is the αth
omponent of the vetor potential of eletromagneti
eld, N is the number of ions in volume V , U
(
~r − ~Ri
)
is the interation potential of an eletron with an ion (~r
is the eletron oordinate,
~Ri is the oordinate of the ith
ion),
U (~r) =
e20
ε0r
e−r/rD , (2)
ε0 is the stati dieletri onstant, and rD is the Debye
radius.
We set the vetor potential
~A in a form
~A = ~A(0) cosωt. (3)
In formula (3),
~A(0) is a onstant vetor, ω is the wave
frequeny.
The eletron wave funtion in the eld of an
eletromagneti wave but without sattering enters, is
determined from the Shrodinger equation
i~
∂
∂t
ψ
(0)
~p = Hˆ
(0)ψ
(0)
~p ≡
3∑
α=1
1
2mα
(
pˆα − e0
c
~Aα
)2
ψ
(0)
~p (4)
and equals:
ψ
(0)
~p =
1√
V
exp
(
i
~
~p ~r
)
×
× exp

− i~
t∫
0
dt′
3∑
α=1
1
2mα
(
pα − e0
c
)
Aα (t
′)
2

 ≈
≈ exp
(
i
~
~p ~r
)
√
V
exp
{
− i
~
ε~pt+
ie0
c~ω
3∑
α=1
pαA
(0)
α
mα
sinωt
}
.(5)
In formula (5), V is the system volume, ε~p =
3∑
α
p2α/2mα is the energy of eletron having momentum
~p. We have omitted the quadrati omponents in A
(0)
α in
the exponent, when obtaining formula (5). We shall nd
the eletron wave funtion in the presene of sattering
enters by perturbation theory. This funtion an be set
in the following form:
ψ~p = ψ
(0)
~p + ψ
(1)
~p , (6)
where ψ
(1)
~p satises the equation:
i~
∂
∂t
ψ
(1)
~p − Hˆ(0)ψ(1)~p =
N∑
i=1
U
(
~r − ~Ri
)
ψ
(0)
~p . (7)
We shall write the solution of Eq. (7) as the expansion
in funtions (5):
ψ
(1)
~p =
∑
~p′
C
(
~p, ~p′; t
)
ψ
(0)
~p′
. (8)
By substituting ψ
(1)
~p in Eq. (7), multiplying both sides of
that equation by Ψ
(0)∗
~p , and integrating over ~r, we obtain
i~
∂
∂t
C
(
~p, ~p′; t
)
=
1
V
∫
d~r exp
(
i
~
(~p− ~p ′)~r
)
×
×
N∑
j=1
U(~r − ~Rj) exp
{
− i
~
(ε~p − ε~p′)t+
+
ie0
~ωc
3∑
α=1
A(0)α
(
pα − p′α
mα
)
sinωt
}
. (9)
Integrating both sides of Eq. (9) between 0 and t and
taking into aount the identity
e−iλ sinωt =
∞∑
l=−∞
Il (λ) e
−ilωt
(10)
(with Il(λ) being the Bessel funtion), we obtain:
C
(
~p, ~p′; t
)
=
1
i~V
∫
d~r exp
(
i
~
(
~p− ~p′
)
~r
)
×
×
N∑
j=1
U
(
~r − ~Rj
) ∞∑
l=−∞
Il
(
e0
~ω c
3∑
α=1
A(0)α
pα − p′α
mα
)
×
×
exp
{[
− i
~
(
ε~p − ε~p′
)
+ ilω
]
t
}
− 1
− i
~
(
ε~p − ε~p′
)
+ ilω
. (11)
Using Eq. (11), one may nd the probability for an
eletron to pass from the state ~p into the state ~p ′ in a
unit time, as a result of sattering by an impurity in the
eld of an eletromagneti wave:
P~p,~p′ =
d
dt
∣∣∣C (~p, ~p′; t)∣∣∣2. (12)
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Substituting relation (11) in Eq. (12), we obtain:
P~p, ~p′ =
1
~2V 2
∣∣∣∣∣
∫
d~r exp
(
i
~
(
~p− ~p′
)
~r
)
×
×
N∑
j=1
U
(
~r − ~Rj
)∣∣∣∣∣
2
×
×
{
2
∞∑
l=−∞
I2l
(
e0
~ω c
3∑
α=1
A(0)α
(pα − p′α)
mα
)
×
× sin (Ω− lω) t
Ω− lω +
∑
l 6=l′
(· · ·)
}
. (13)
In Eq. (13), Ω ≡ 1
~
(
ε~p − ε~p′
)
.
The terms with l 6= l ′ are not written expliitly in
Eq. (13) sine they do not ontain resonane multipliers
and therefore disappear at t → ∞. Passing to the
limit t → ∞ in Eq. (13) and taking into aount that
sin xt
x → πδ (x) in this ase, we obtain the following
expression for P~p, ~p′ :
P~p, ~p′ =
2π
~V 2
∣∣∣∣∣∣
∫
d~r exp
(
i
~
(
~p− ~p′
)
r
) N∑
j=1
U
(
~r − ~Rj
)∣∣∣∣∣∣
2
×
×
∞∑
l=−∞
I2l
(
e0
~ω c
3∑
α=1
A(0)α
(pα − p ′α)
mα
)
×
× δ
(
ε~p − ε~p′ − l~ω
)
. (14)
Expression (14) depends expliitly on all the
oordinates of ions
{
~Rj
}
. That is why it should be
averaged over all the possible ion ongurations. Taking
into aount that∣∣∣∣∣∣
∫
d~r exp
(
i
~
(~p− ~p ′) ~r
) N∑
j=1
U
(
~r − ~Rj
)∣∣∣∣∣∣
2
=
=
N∑
j=1
∣∣∣∣∣
∫
d~r exp
(
i
~
(
~p− ~p′
)
~r
)
U
(
~r − ~Rj
)2∣∣∣∣∣+
+
∑
j 6=j′
∫
d~r1 exp
(
i
~
(
~p− ~p′
)
~r1
)
U
(
~r1 − ~Rj
)
×
×
∫
d~r2 exp
(
− i
~
(
~p− ~p′
)
~r2
)
U
(
~r2 − ~Rj′
)
, (15)
one may show (e.g., see [2℄, p. 672) that the seond
term in Eq. (15) turns to zero, when averaging over the
positions of haotially distributed sattering enters.
Therefore, the averaging results in
〈∣∣∣∣∣∣
∫
d~r exp
(
i
~
(~p− ~p ′) ~r
) N∑
j=1
U
(
~r − ~Rj
)∣∣∣∣∣∣
2〉
=
= N
∣∣∣∣
∫
d~r exp
(
i
~
(
~p− ~p′
)
~r
)
U (~r)
∣∣∣∣
2
(16)
. In Eq. (16), N is the number of ions in volume V , i.e.
N = V na, (17)
with na being the ion onentration.
Taking into aount the expliit expression for
U (~r) aording to Eq. (2), integral (16) an be easily
alulated:∫
d~r exp
(
i
~
(
~p− ~p′
)
~r
)
U (~r) =
=
4πe20
ε0


(
~p− ~p′
~
)2
+
1
r2D


−2
. (18)
The average of P~p, ~p ′ over all the ion ongurations
an be obtained from Eqs. (14) and (18) as
〈
P
~p,~p′
〉
=
(2π ~)
3
V
4e40
ε20
na{(
~p− ~p′
)2
+ ~
2
r2D
}2×
×
∞∑
l=−∞
I2l
(
e0
~ωc
3∑
α=1
A(0)α
(pα − p′α)
mα
)
δ
(
ε~p − ε~p′ − l~ω
)
.
(19)
The integral of ollisions of eletrons with ions in the
presene of eletromagneti eld looks as follows:(
∂f
∂t
)
coll
= −
∑
~p′
〈
P~p~p′
〉
f (~p) +
∑
~p′
〈
P~p1 ~p′
〉
f
(
~p′
)
.(20)
In Eq. (20), f (~p) is the distribution funtion of
eletrons over their momentums ~p. Sine we onsider
the multivalley semiondutors, the distribution funtion
an be dierent in dierent valleys. We further write
f (i) (~p), meaning the distribution funtion in the ith
valley.
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2. Light Absorption under Non-isotropi
Impurity Sattering
We substitute now Eq. (19) in Eq. (20) and proeed from
the summation over
~p′ to the integration. This results in
the following form of the ollision integral for the ith
valley:(
∂f (i)
∂t
)
coll
=
=
4e40
ε20
na
∞∑
l=−∞
∫
d ~p′
f (i)
(
~p′
)
− f (i) (~p){(
~p− ~p′
)2
+ (~/rD)
2
}2×
× I2l
(
e0
~ω c
3∑
α=1
A(0)α
pα − p′α
mα
)
δ
(
ε~p − ε~p′ − l~ω
)
. (21)
We assume that the distribution funtion f
(i)
(~p) is
normalized to the onentration in the ith valley ni:∫
d~pf (i) (~p) = ni. (22)
In thermal equilibrium, all ni are the same. Under
heating of eletrons or a unidiretional pressure applied,
the lling of dierent valleys an be also dierent.
We obtain the energy absorbed by an eletron of the
ith valley in a unit time from Eq. (21) after multiplying
it by ε~p and integrating over
⇀
p . At this, if we make
substitutions
⇀
p ⇔ ~p′ and l ⇔ −l in the term whih
is proportional to f (i)
(
~p′
)
as well as dene ε~p′ through
ε~p using the δ-funtion, we obtain
P (i) ≡
∫
d~pε~p
(
∂f (i)
∂t
)
st
=
= −4e
4
0
ε20
nα
∞∑
l=−∞
~ωl
∫
d~pd~p′f (i) (~p){(
~p− ~p′
)2
+ (~/rD)
2
}2×
× I2l
(
e0
~ωc
3∑
α=1
A(0)α
pα − p′α
mα
)
δ
(
ε~p − ε~p′ − l~ω
)
. (23)
From now on, we onsider only one-phonon
transitions, i.e. l = ±1.
We have in this approximation:
P i = P (i) (+)− P (i) (−) , (24)
where
P (i) (±) = ±4e
4
0
ε20
n~ω
∫
d~pd~p′f (i) (~p){(
~p− ~p′
)2
+ (~/rD)
2
}2×
× I21
(
e0
~ωc
3∑
α=1
A(0)α
pα − p′α
mα
)
δ
(
ε~p − ε~p′ ± ~ω
)
. (25)
The sign (+) means an inrease of the eletron
system energy (i.e., absorption), while the sign () means
a derease of this energy (i.e., emission).
As the estimations made for all frequenies of the
optial range show, the argument of the funtion I1(. . .)
in Eq. (25) is far below unity. That is why we an
onsider only the rst term of the Taylor series of I1(. . .)
in Eq. (25). We then have
P (i) (±) ∼= ± e
6
0nα
ε20c
2~ω
∫ d~pd~p′f (i)(~p)δ{ε~p − ε~p ′ ± ~ω
}
{
(~p− ~p′)2 + (~/rD)2
}2 ×
×
(
3∑
α=1
A0α
pα − p′α
mα
)2
. (26)
The distribution funtion must be speied to
alulate integral (26). To be able to analyze further the
general ase, we assume that onentrations (ni) and
temperatures (θi) in dierent valleys an be dierent.
We assume that
f (i) (~p) =
ni
(2πθi)
3/2
m⊥
√
m‖
exp
(
−ε~p
θi
)
. (27)
In the prinipal axes of the mass tensor,
ε~p =
p2⊥
2m⊥
+
p2‖
2m‖
. (28)
In addition,
3∑
α=1
A(0)α
pα − p′α
mα
=
~γ
m⊥
, (29)
where
γ ≡ ~A(0)⊥ ~q⊥ +
m⊥
m‖
A
(0)
‖ q‖ =
= ~A(0)~q +
(
m⊥
m‖
− 1
)(
~A(0)~q
)(
~i0~q
)
,
~~q ≡ ~p− ~p′. (30)
In Eq. (30),
~i0 is the ort whih speies the diretion
of the line of rotation of the mass ellipsoid. The diretion
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of this ort oinides with that of the position of the ith
valley in the laboratory system.
The angular dependene of the energy makes the
integration muh more diult. That is why it is
onvenient to use a deformed oordinate system, in
whih the surfaes of equal energy are spherial.
We introdue new variables therefore:
p∗⊥ = p⊥, p
∗
‖ =
(
m⊥
m‖
)1/2
p‖; q
∗
⊥ = q⊥;
q∗‖ =
(
m⊥
m‖
)1/2
q‖. (31)
At this,
ε~p = (p
∗)
2
/2m⊥. (32)
Expression (26) aquires the following form in new
variables:
P
(i)
(±) = ±
e60na
ε20c
2ω
m‖
m⊥
×
×
∫ d~p ∗d~q ∗f (i)(εp∗)δ { (~q∗)22m⊥ − ~m⊥ p∗q∗ cos ν∗ ± ~ω
}
γ2{
q∗2⊥ +
m‖
m⊥
q∗2‖ + (1/rD)
2
}2 .
(33)
Now we take into aount that d~p ∗ → p∗2dp∗dΩp∗ →
p∗2dp∗ sin ν∗dν∗dϕ∗.
The integral over ϕ* an be easily alulated (sine
nothing depends on ϕ*). The integral over ν∗ an be
alulated using the δ-funtion:
π∫
0
dν∗ sin ν∗δ
{
(~q∗)
2
2m⊥
− ~
m⊥
p∗q∗ cos ν∗ ± ~ω
}
=
m⊥
~p∗q∗
.
(34)
Equality (34) is real under the ondition that
|cos ν∗| =
∣∣∣∣∣±~ω − (~q
∗)
2
2m⊥
∣∣∣∣∣
/
~q∗p∗
m⊥
≤ 1. (35)
Condition (35) means that the argument of the δ-
funtion at a speied q* an be equal to zero. In
other words, inequality (35) determines the limits of the
integration over q*. We nd from Eq. (35):
~qmax (±) = p∗ +
√
p∗2 ± 2m⊥~ω,
~qmin (±) =
∣∣∣−p∗ +√p∗2 ± 2m⊥~ω∣∣∣. (36)
After the integration over the angles of the vetor
~p ∗, we nd from Eq. (33):
P (i)(+) =
e60nani
√
m‖√
2π θ
3/2
i ε
2
0c
2~ω
∞∫
0
dεe−ε/θi
q(+)max∫
q
(+)
min
dq∗q∗×
×
∫
dΩq ∗γ
2 (~q∗){
q∗2 +
m‖
m⊥
q∗2‖ + (1/rD)
2
}2 . (37)
Unlike Eq. (37), the integral over ε for the P (i)(−)
quantity must be alulated within limits from ~ω to ∞
(sine only eletrons with energy ε ≥ ~ω an emit ~ω
quanta). If we make a shift ε→ ε− ~ω in the expression
for P (i)(−), we obtain that
P (i)(−) = − exp
(
−~ω
θi
)
P (i) (+) .
The latter integral over the angles of the vetor ~q∗ in
Eq. (37) an be easily alulated with a result
y (q∗) ≡
∫
dΩq∗γ
2 (~q ∗){
q∗2 +
m‖
m⊥
q∗2‖ + (1/rD)
2
}2 =
=
π
q∗2
{(
A
(0)
⊥
)2
B1 (q
∗) + 2
(
A
(0)
‖
)2 m⊥
m‖
B2 (q
∗)
}
×
×
(
m⊥
m‖ −m⊥
)2
. (38)
We have made the following designations in Eq. (38):
B1 (q
∗) =
1
b2
+
1− b2
b3
arctg
1
b
,
B2 (q
∗) = − 1
1 + b2
+
1
b
arctg
1
b
,
b2 =
m⊥
m‖ −m⊥
(
1 + 1/ (q∗rD)
2
)
. (39)
The double integral in Eq. (37) an be redued to a
single one by integration by parts:
∞∫
0
dεe−ε/θi
q(+)max∫
q
(−)
min
dq∗q∗y(q∗) =
= θi
∞∫
0
dεe−ε/θi
{
[q∗y(q)]q=qmax(+)
dqmax(+)
dε
−
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− [q∗y(q)]q=qmin(+)
dqmin(+)
dε
}
. (40)
We substitute now Eqs. (40) and (38) in Eq. (37) and
introdue a dimensionless variable õ=ε/θi. In addition,
we rewrite the quantities A
(0)
⊥ i A
(0)
‖ in the laboratory
oordinate system, whih are written in Eq. (42) in
prinipal axes of the ith ellipsoid (valley). This means
that
(A
(0)
‖ )
2 =
(
~i0~q0
)2
A(0)
2
,
(A
(0)
⊥ )
2 = A(0)
2 − (~i0~q0)2A(0)
2
. (41)
In Eq. (41), ~q0 is an ort, whih haraterizes wave
polarization. The ort
~i0 denes the diretion of the ith
valley position.
We obtain the following expression as a result of the
operations made above:
P (i)(+) =
e60nani
4ε20c
2~ω
(
2πm‖
θi
)1/2
A(0)
2
(m‖ −m⊥)2
×
×
∞∫
0
dxe−x[Ψi (qmax (+)) + Ψi (qmin (+))]√
x (x+ ~ω/θi)
. (42)
We have introdued the following designation in Eq.
(42):
Ψi (q
∗) = B1 (q
∗) +
(
~i0~q0
)2 [
−B1 (q∗) + 2m⊥
m‖
B2 (q
∗)
]
.
(43)
In dimensionless variables in aordane with Eq. (36),
the quantities qmax(+) and qmin(+) in Eq. (42) beome
as follows:
qmax (+) =
(2m⊥θi)
1/2
~
[
x1/2 +
(
x+
~ω
θi
)1/2]
,
qmin (+) =
(2m⊥θi)
1/2
~
[
−x1/2 +
(
x+
~ω
θi
)1/2]
. (44)
3. Absorption Coeient
We have found above the energy absorbed or emitted in
a unit time. Experimentally, the adsorption oeient is
measured, whih looks as follows:
K =
∑
i
(P (i)(+) + P (i)(−))
Π
=
=
∑
i
(1− exp(−~ωθi ))P(i)(+)
Π
. (45)
In Eq. (45), Π is an eletromagneti ow, whih
impinges on a semiondutor:
Π =
ε
1/2
0
8π
ω2
c
A(0)
2
. (46)
Substituting Eqs. (46) and (42) in Eq. (45), we obtain
K =
(2π)3/2e60nam
1/2
‖
ε
5/2
0 c(m‖ −m⊥)2~ω3
∑
i
ni√
θi
(
1− exp
(
−~ω
θi
))
×
×
∞∫
0
dxe−x {Ψi(qmax(+) + Ψi(qmin(+)}√
x(x + ~ω/θi)
. (47)
Expression (47) gives the general value of the
adsorption oeient under anisotropi impurity
sattering in multivalley semiondutors. Dierent
values of the lling of valleys (ni) an be onneted with
dierent eletron temperatures (θi) in valleys, or an
be aused by the unidiretional pressure (whih shifts
the valleys). In a state of thermodynami equilibrium
and without unidiretional pressure, all the ni and θi
values are idential. The temperatures θi an beome
dierent when eletrons are heated by an external
eletri eld. They an also beome dierent under
absorption of the polarized light with suient intensity.
That is, the polarization dependene of absorption an
appear in multivalley semiondutors at suiently high
intensities. This problem was theoretially studied in [3℄.
When ni and θi dier in dierent valleys, the balane
equations of onentrations and energy should be used
to nd them (e.g., see [4℄).
The general expression for the absorption oeient
(47) under impurity sattering an be substantially
simplied in the lassial (~ω/θi << 1) and quantum
(~ω/θi >> 1) ases. Therefore, we shall analyze both
these ases.
R e g i o n o f  l a s s i  a l a b s o r p t i o n
(~ω/θi << 1). Aording to Eq. (44), we have
qmax (+) ≈ (2m⊥θi)1/2 2
√
x
~
, qmin (+) ≈ 0. (48)
In Eq. (44), the integration ours over the
dimensionless energy x = ε/θi. Then we take into
aount that the quantity
b2 =
m⊥
m‖ −m⊥
(1 +
1
(q∗rD)2
) ≡ b20(1 +
1
(q∗rD)2
) (49)
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has a very weak dependene on x, sine (aording to
estimations) (~q∗rD)
2
>> 1. Here, q∗ is taken at average
energies (i.e., at x ≈ 1).
We an see from Eqs. (43) and (39) that Ψi(q
∗)
an depend on x only due to the dependene of b2 on
x. One may easily see that b2 → ∞ in this ase at
q∗ = qmin(+) ≈ 0. Aording to Eqs. (39) and (43),
we obtain Ψi(qmin(+)) ≈ 0. We now pay attention to
the Ψi(qmax(+)) value. At q
∗ = qmax(+), the value of b
2
is almost independent of x sine (qmax(+)rD)
2 >> 1 for
all x ∼1. The dependene on x beomes signiant only
at small x, for whih (qmax(+)rD) ≤ 1. We shall nd the
value of x = xmin from the ondition qmax(+)rD = 1.
We obtain from Eq. (48):
xmin =
1
8
~
2
m⊥θir2D
. (50)
Beause of the stated above, when integrating
approximately in Eq. (42), we an take out Ψi of the
integration sign and trunate the integration over x at
x = xmin. Therefore, we obtain at ~ω/θi << 1:
∞∫
0
dxe−xΨi(qmax(+))√
x(x+ ~ω/θi)
≈ Ψi(∞)
∞∫
xmin
dx
x
e−x. (51)
In Eq. (51), we have set qmax(+) ≈ ∞. This is justied
at qmax(+)rD >> 1, as an be seen from Eq. (49).
As will be seen below, approximation (51) meets the
known logarithmi approximation in the desription
of impurity sattering (so-alled ConwellWeisskopf
approximation).
Aording to Eqs. (43) and (39), we have:
Ψi (∞) = 1
b30
[
b0 +
(
1− b20
)
arctg
1
b0
]
sin2 ϕi+
+ 2
m⊥
m‖
[
− 1
1 + b20
+
1
b0
arctg
1
b0
]
cos2 ϕi (52)
with cosϕi ≡ ~i0~q0, i. e., ϕi is an angle between the line
of rotation of the mass ellipsoid of the ith valley and the
ort of the wave polarization ~q0.
Now we obtain a simpler form of the absorption
oeient for the lassial region from the general
expression (41), using approximation (51):
K =
3π3/2
2
e20
ε
1/2
0
1
cω2
∑
i
ni
{
sin2 ϕi
m⊥τ⊥(θi)
+
cos2 ϕi
m‖τ‖(θi)
}
.(53)
In expression (53), τ⊥ (θi) and τ‖ (θi) are the respetive
omponents of the relaxation tensor under impurity
sattering. At this
1
τ⊥(θi)
=
8
3
e40(2m‖)
1/2
ε20m⊥θ
3/2
i
×
×na b0
2
[
b0 + (1 − b20)arctg
1
b0
]
ln(C1xmin)
−1,
1
τ‖(θi)
=
8
3
e40
(
2m‖
)1/2
ε20m‖θ
3/2
i
×
× nab0
[
−b0 +
(
1 + b20
)
arctg
1
b0
]
ln (C1xmin)
−1
. (54)
ln(C1xmin)
−1
appears in Eqs. (54) beause the integral
on the right part of Eq. (51) is equal to
∞∫
xmin
dx
x
e−x = ln (C1xmin)
−1 −
∞∑
k=1
1
kk
(−xmin)k,
where lnC1 = 0.577... is the Euler onstant. Sine
xmin << 1, we have onned ourselves within only the
logarithmi approximation in Eq. (54).
The omponents of the relaxation tensor under
impurity sattering are onneted with the mobility
tensor omponents by the following relations:
µ⊥ =
8√
π
e0τ⊥ (θi)
m⊥
; µ‖ =
8√
π
e0τ‖ (θi)
m‖
. (55)
R e g i o n o f q u a n t u m a b s o r p t i o n
(~ω >> θi).
In this ase, we obtain from Eq. (44):
qmax(+) ≈ qmin(+) =
(
2m⊥
~
ω
)1/2
≡ qω. (56)
Now integral (47) an be easily estimated:
∞∫
0
dxe−x {Ψi(qmax(+)) + Ψi(qmin(+))}√
x(x + ~ω/θi)
≈
≈ 2√πΨi(qω)
(
θi
~ω
)1/2
. (57)
We may set Ψi(qω) ≈ Ψi(∞), taking into aount that
(qωrD) >> 1. As a result, for the quantum region
(~ω >> θi), we have from Eq. (41):
K =
(
2π
ε0
)5/2 e60nam1/2‖
c(m‖ −m⊥)2ω2
∑
niΨi(∞)
(~ω)3/2
. (58)
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The form of the funtion Ψi(∞) is speied by formula
(52), where the expliit dependene on the polarization
angle ϕi is given.
Thus, we have obtained a simple expression for the
light adsorption oeient in the lassial and quantum
ranges of frequenies under the dominating role of
impurity (anisotropi) sattering.
To omplete the piture, we also present the
expression for the adsorption oeient in the
ase of the dominating role of aousti sattering.
This will enable us to ompare the peuliarities
of manifestation of various sattering mehanisms
in the phenomenon of light absorption by free
arriers.
The absorption oeient in the ase of anisotropi
aousti sattering was obtained in [1℄. Before writing
it down, we reall (e.g., see [1℄) that the omponents
of the relaxation tensor as funtions of eletron energy
in semiondutors of the kind of n-Ge and n-Si
an be written in the following form under aousti
sattering:
τx(ε) = τy(ε) ≡ τ⊥(ε) = τ (0)⊥
(
θi
ε
)1/2
;
τ‖(ε) = τ
(0)
‖
(
θi
ε
)1/2
. (59)
The general expression for the adsorption oeient in
the whole frequeny range under anisotropi aousti
sattering has a following form [1℄:
K = −16
√
π
3
√
ε0
e20
c~
∑
i
niθi
ω3
(1− e−~ω/θi)×
×
{
sin2 ϕi
m⊥τ⊥(θi)
+
cos2 ϕi
m‖τ‖(θi)
}{
a3i
d
dai
(
K1(ai)
ai
)}
. (60)
[In Eq. (60), we have orreted the misprints made in
this formula in [1℄℄.
In Eq. (60), ai = ~ω/2θi and K1(ai) is a Bessel
funtion, whose asymptoti form is as follows:
K1(x) =
{
1
x atx→ 0,√
π
2x e
−x
at x→∞. (61)
To avoid misunderstanding, we notie that τ
(0)
⊥,‖ in
Eq. (59) diers from τ
(0)
⊥,‖ in [1℄ by a fator
(
θi
θ
)1/2
,
sine we have τ⊥,‖(θ) =
(
θi
θ
)1/2
τ
(0)
⊥,‖ from Eq. (59),
while τ⊥,‖(θ) = τ
(0)
⊥,‖ in [1℄. We do not introdue the
lattie temperature θ at all in this paper. The eletron
temperatures θi stand everywhere, whih an oinide
with the lattie temperature or dier from it.
We obtain the absorption oeient in the lassial
and quantum ranges of frequenies from the general
formula (60), using asymptotis (61).
Therefore, we get in the lassial range (~ω << θi):
K =
32
√
π
3
e20√
ε0
1
cω2
∑
i
ni
{
sin2 ϕi
m⊥τ⊥ (θi)
+
cos2 ϕi
m‖τ‖(θi)
}
.
(62)
In the quantum range (~ω >> θi), we have, respetively,
K =
4π
3
e20√
ε0
1
cω2
∑
i
ni
(
~ω
θi
)1/2
×
×
{
sin2 ϕi
m⊥τ⊥ (θi)
+
cos2 ϕi
m‖τ‖(θi)
}
. (63)
From the omparison of formulas (53) and (62),
one may see that the light absorption oeient in
the lassial frequeny range depends equally on the
omponents of the tensor of relaxation times and the
omponents of the mass tensor both under impurity and
aousti sattering. The only dierene is in numerial
oeients, whih is stipulated by the dierent energy
dependene of the relaxation times under impurity and
aousti sattering.
A totally dierent situation appears in the quantum
region, as an be seen from the omparison of Eqs.
(58) and (63). The reason for these dierenes is that
the impurity sattering potential (18) would have a
singularity at ω → 0 without sreening (i. e., formally
at rD → ∞). Therefore, the sreening eet for a
harged impurity should be taken into aount in the
lassial region. This sreening is not signiant in the
quantum frequeny region. For the aousti sattering,
in dierene to Eq. (55), we get
µα =
4
3
√
π
eτα (θi)
mα
. (64)
4. Polarization Eets under Light Emission
by Free Carriers
If the eletron gas is heated (e.g., by eletri urrent),
the eet opposite to the Drude absorption ours, i.e.,
free arriers emit light. Polarization dependenes an
appear in the ase of the anisotropi dispersion law of
free arriers. Suh polarization eets take plae in the
ases of dierent heatings or under the same heating but
with dierent llings of the valleys.
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We an obtain the spontaneous emission by hot
eletrons, whih is of interest for us, using the
expression for the eld-indued emission, whih we
derived previously. For this, the vetor potential (
~A(0))
of a wave should be rst normalized so that Nph photons
are in volume V , i.e. the following ondition should be
used:
1
V
Nph~ω =
E2
4π
=
1
8π
(
ω
c
)2
A(0)
2
. (65)
From here,
A(0) = 2c
(
2π~
V ω
Nph
)1/2
. (66)
Then we should substitute expression (65) in the
formula for P (i)(−), setting Nph = 1.
And, nally, we should multiply the obtained
expression by the density of nite eld states in a unit
frequeny interval and a solid angle dΩ:
dρ (ω) =
V
(2πc)
3ω
2dΩ. (67)
As a result of proedures desribed, we obtain the
following expression from P (i)(−) for the emission of
eletrons in all the valleys into a solid angle dΩ in the
ase of impurity sattering:
W (−) =
e60na
√
m‖dΩ
(2π)
3/2
ε20c
3
(
m‖ −m⊥
)2×
×
∑
i
ni√
θi
e−~ω/θi
∞∫
0
dxe−x
{
Ψi(qmax) + Ψi(qmin)
}
√
x(x+ ~ω/θi)
. (68)
Expression (68) gives the emission intensity from
a unit volume with
∑
i
ni eletrons. To obtain the
emission from an arbitrary volume V , expression (68)
should be multiplied by V . Note that the signs of
the expressions P (i)(+) and P (i)(−) are dierent, sine
P (i)(+) haraterizes the energy inorporation into the
eletron subsystem (i.e., absorption), while P (i)(−)
desribes the energy extration from it. In Eq. (68), we
use the absolute value of emission intensity.
One may derive simple expressions in the limiting
ases of the lassial and quantum frequeny ranges
from the general expression (68), similarly to the ase
of absorption.
In the ase of the lassial frequeny range (~ω <<
θi), we have:
W (−) =
e60na
√
m‖
(2π)
3/2
ε20c
3
(
m‖ −m⊥
)2×
×
∑
i
ni√
θi
Ψi(∞) ln (C1xmin)−1 dΩ. (69)
We obtain, respetively, in the quantum frequeny range
(~ω >> θi):
W (−) =
e60na
√
m‖√
2πε20c
3
1
(m‖ −m⊥)2
1√
~ω
×
×
∑
i
niΨi(∞)e−~ω/θidΩ. (70)
Using the expliit expression (52) for Ψi(∞) and the
formulas for the omponents of the relaxation tensor
under impurity sattering (54), formula (69) beomes
W (−) =
3e20
16π3/2c3
∑
i
niθi
{
sin2 ϕi
m⊥τ⊥ (θi)
+
cos2 ϕi
m‖τ‖(θi)
}
dΩ.
(71)
The term ln(C1xmin)
−1
in Eq. (69) is related to
the sreening eet of the Coulomb potential of an
impurity. The sreening eet is not signiant in the
quantum frequeny range. Therefore, this term does not
appear in formula (70) whih annot be expressed by
the omponents of the relaxation tensor, as in the ase
of Eq. (71).
Under the dominating role of aousti sattering, the
energy emitted by all eletrons in all the valleys per unit
time into a solid angle dΩ is equal to
W (−) =
−2e20
3π5/2c3
∑
i
niθie
−~ω/θi×
×
{
sin2 ϕi
m⊥τ⊥(θi)
+
cos2 ϕi
m‖τ‖(θi)
}
a3i e
ai
d
dai
(K1(ai)/ai) dΩ.
(72)
We obtain from here for the lassial frequeny range
(~ω << θi):
W (−) =
4e20
3π5/2c3
∑
i
niθi
{
sin2 ϕi
m⊥τ⊥ (θi)
+
cos2 ϕi
m‖τ‖(θi)
}
dΩ.
(73)
A simple expression for the emission intensity an also be
obtained from Eq. (72) in the quantum frequeny range
ase (~ω >> θi):
W (−) =
e20
6π2c3
∑
i
ni√
θi
(~ω)3/2e−~ω/θi×
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×
{
sin2 ϕi
m⊥τ⊥(θi)
+
cos2 ϕi
m‖τ‖(θi)
}
dΩ. (74)
We an see from Eq. (73) that the emission intensity
does not depend on the emitted light frequeny in the
lassial frequeny range, and drops exponentially in the
quantum frequeny range. We reall that τ⊥ and τ‖
in Eqs. (72)(74) are the omponents of the aousti
relaxation tensor, whih are set by formula (59).
We an see from the omparison of formulas (71)
and (73) that the dependene on the parameters is
the same. The numerial oeients are only dierent,
whih is stipulated by the dierent dependenes of the
relaxation tensor omponents on the eletron energy
under impurity and aousti sattering.
5. Conlusion and Remarks
In this paper, the general expressions are obtained
for the absorption oeient, as well as for the
emission intensity in the presene of hot eletrons. These
expressions are derived with taking into aount the
multivalley harater of the eletron spetrum as well as
the anisotropy of the dispersion law and the sattering
mehanisms. The obtained expressions depend both on
the onentration of eletrons ni and their temperatures
θi in individual valleys.
In the ase of thermodynami equilibrium, all θi
values are the same (and are equal to the lattie
temperature). Moreover, the populations ni in all valleys
are also idential when the unidiretional pressure
is absent. Under unidiretional pressure applied to a
speimen, ni are the known funtions of the applied
mehanial stress (e.g., see [5℄).
Under an eletri eld applied, all θi and ni values
(or a part of them) an be dierent. The proedure for
their alulation is well known (e. g., see [4℄).
The espeially simple ase of the polarization
dependene of emission appears when all eletrons
migrate to a single valley. It is remained the only
dependene on one angle  between the polarization
ort and a rotation axis of the ellipsoid of the surfae of
equal energy of the populated valley. Experimentally, the
polarization dependenes in n-Ge have been investigated
in [6℄.
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ÎÑÎÁËÈÂÎÑÒI ÏÎËÈÍÀÍÍß I ÂÈÏÎÌIÍÞÂÀÍÍß
ÑÂIÒËÀ ÂIËÜÍÈÌÈ ÅËÅÊÒÎÍÀÌÈ
Â ÁÀÀÒÎÄÎËÈÍÍÈÕ
ÍÀÏIÂÏÎÂIÄÍÈÊÀÕ
Ï.Ì. Òîì÷óê
 å ç þ ì å
Îòðèìàíî çàãàëüíi âèðàçè äëÿ êîåiöi¹íòà ïîãëèíàííÿ ñâiòëà
âiëüíèìè íîñiÿìè i iíòåíñèâíîñòi ñïîíòàííîãî âèïðîìiíþâàííÿ
ñâiòëà ãàðÿ÷èìè åëåêòðîíàìè â áàãàòîäîëèííèõ íàïiâïðîâiä-
íèêàõ. Îòðèìàíi âèðàçè çàëåæàòü âiä êîíöåíòðàöi¨ åëåêòðîíiâ
â îêðåìèõ äîëèíàõ i ¨õ òåìïåðàòóð. Âðàõîâàíî àíiçîòðîïiþ çà-
êîíó äèñïåðñi¨ i ìåõàíiçìiâ ðîçñiÿííÿ åëåêòðîíiâ. îçãëÿíóòî
äîìiøêîâèé i àêóñòè÷íèé ìåõàíiçì ðîçñiÿííÿ. Âñòàíîâëåíî ïî-
ëÿðèçàöiéíó çàëåæíiñòü ñïîíòàííîãî âèïðîìiíþâàííÿ ãàðÿ÷èõ
åëåêòðîíiâ. Ó âèïàäêó îäíîíàïðÿìëåíîãî òèñêó àáî âåëèêèõ ií-
òåíñèâíîñòåé îïðîìiíåííÿ ïîëÿðèçàöiéíó çàëåæíiñòü âèÿâëÿ¹
i êîåiöi¹íò ïîãëèíàííÿ ñâiòëà âiëüíèìè åëåêòðîíàìè.
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